Unbounded convergence has lately been systematically studied. In this paper, we study the continuous functionals for unbounded convergence in Banach lattices. We first present the equivalence relation of these functionals. Then we get the exact form of the duals for unbounded convergence. In particular, we characterize order continuous and reflexive Banach lattices in terms of these duals. Some related results are obtained as well.
1.. Introduction
A net (x α ) in a Riesz space E is order convergent to x ∈ E (write x α o − → x) if there exists another net (y α ) such that |x α − x| ≤ y α ↓ 0. The unbounded order convergence is considered firstly by Nakano in [3] and introduced by Wickstead in [4] . A net (x α ) in a Riesz space E is unbounded order convergent to some x if the net (|x α −x|∧u) converges to zero in order for all u ∈ E + , we write x α uo − → x. As an extension of the study, several recent papers investigated unbounded order (norm, absolute weak, absolute weak*) convergence. In [5] [6] [7] , some properties of uo-convergence in Riesz spaces and Banach lattices be studied. A net (x α ) in a Banach lattice E is unbounded norm convergent to some x if the net (|x α − x| ∧ u) converges to zero in norm for all u ∈ E + , we write x α un − → x. The properties of un-convergence and un-topology, we refer to [8, 9] . Recently, the unbounded absolute weak convergence has been introduced. A net (x α ) in a Banach lattice E is unbounded absolute weak convergent to some x if the net (|x α − x| ∧ u) converges to zero in weak for all u ∈ E + , we write x α uaw − − → x (see [10] for details). In [11] , the unbounded absolute weak* convergence has been considered. A net (x ′ α ) in a dual Banach lattice E ′ is unbounded absolute weak* convergent to some x ′ if the net (|x ′ α − x ′ | ∧ u ′ ) weak* converges to zero for all u ′ ∈ E ′ + , we write x ′ α uaw * − −− → x ′ . It can be easily verified that, in c 0 or l p (1 ≤ p < ∞), uo-convergence, un-convergence and uaw-convergence of nets is the same as coordinate-wise convergence. In l p (1 ≤ p < ∞), uaw * -convergence of nets is the same as coordinate-wise convergence. In L p (µ)(1 ≤ p < ∞) for finite measure µ, uo-convergence of sequences is the same as almost everywhere convergence, un-convergence and uaw-convergence of sequences is the same as convergence in measure. In L p (µ)(1 < p < ∞), uaw * -convergence of sequences is the same as convergence in measure.
Following up on the previous study, in this paper, we studied the functionals and duals. We researched the continuous functionals for unbounded convergences and prove the carriers of these functional are finite dimensional. Then we get some equivalence of "bounded" continuous functionals for unbounded convergences in some cases and the exact form of these duals. In final, we used the results to get some characterizations of order continuous and reflexive Banach lattices.
To state our results, we need to recall some definitions. Recall that a Riesz space E is an ordered vector space in which x ∨ y = sup{x, y}(x ∧ y = inf{x, y}) exists for every
The solid hull Sol(A) of A is the smallest solid set including A and is exactly the set Sol(A) := {x ∈ E : ∃y ∈ A, |x| ≤ |y|}. An operator T : E → F is called order bounded if it maps order bounded subsets of E to order bounded subsets of F . A Banach lattice E is a Banach space (E, · ) such that E is a Riesz space and its norm satisfies the following property: for each x, y ∈ E with |x| ≤ |y|, we have x ≤ y . It follows from [1, Theorem 4.1] that if E is a Banach lattice, then its norm dual E ′ is also a Banach lattice.
For undefined terminology, notations and basic theory of Riesz spaces and Banach lattices, we refer to [1, 2] .
2.. Results
Let us see the continuous functionals for unbounded convergences on l 1 . Example 2.1. For a element (λ i ) ∞ 1 = (1, 1 2 , ..., 1 n , ...) ∈ c 0 , we can get that (λ i )(x α ) → 0 for every uo-null, un-null, uaw-null, uaw * -null and disjoint net (x α ) ⊂ B l 1 . Let (e n ) be the standard basis of l 1 , clearly, (n 2 e n ) is uo-null, un-null, uaw-null, uaw * -null and disjoint sequence in l 1 , but (λ i )(n 2 e n ) = n → ∞. Let f ∈ c 00 be an arbitrary functional on l 1 , we can find that f (x α ) → 0 for every disjoint, uo-null, un-null, uaw-null and uaw * -null net (x α ) ⊂ l 1 . According to the above example, we can find that the carriers of the uo-continuous, uncontinuous, uaw-continuous, uaw * -continuous and disjoint continuous functionals (λ i ) on l 1 are finite dimensional. It is natural to ask that whether the carriers of the uo-continuous, un-continuous, uaw-continuous, uaw * -continuous and disjoint continuous functionals are finite dimensional. The following results confirm the assumption and prove the functionals are the linear combination of the coordinate functionals of finite many atoms.
Recall that a vector e > 0 in an Banach lattice lattice E is an atom if for any u, v ∈ [0, e] with u ∧ v = 0, either u = 0 or v = 0. In this case, the band generated by e is span{e}. Moreover, the band projection P e : E → span{e} defined by
exsits, and there is a unique positive linear functional f e on E such that P e (x) = f e (x)e for all x ∈ E. We call f e the coordinate functional of the atom e. Clearly, the span of any finite set of atoms is also a projection band.
Then f is a linear combination of the coordinate functionals of finite many atoms.
Proof. Let C f = {x ∈ E : |f |(|x|) = 0} d , we claim the carrier of f cannot contain an infinite disjoint sequence of nonzero vectors.
Suppose that there exsits infinite positive disjoint sequence of nonzero vectors (x n ) in C f (since (|x n |) is also disjoint, hence we assume it is positive). Clearly, |f |(x n ) > 0 for all n ∈ N. Hence there exsits y n ∈ [−x n , x n ] such that f (y n ) = 0. Since (y n ) is also disjoint sequence, so y n f (y n ) is also disjoint. Hence f y n f (y n ) = 1 0, it is absurd. This proves the claim.
Then we prove C f is generated by finite many atoms. Let A be the set of finite atoms
is not an atom, and thus there exist u 2 , z such that 0 < u 2 , z ≤ y and u 2 ⊥ z. Clearly, u 2 , z ∈ C f . Repeating this process, we obtain an infinite disjoint sequence of nonzero vectors in C f , which contradicts the claim. Hence C f is generated by finite many atoms, moreover f is a linear combination of the coordinate functionals of finite many atoms.
It follow [6, Corollary 3.6], [10, Lemma 2] and [11, Lemma 2.3] that every disjoint sequence in a (dual) Banach lattice E is uo-null, uaw-null and uaw * -null. According to [9, Proposition 3.5] , if E has order continuous norm, every disjoint sequence in E is un-null. Using Theorem 2.2, we have the following result.
Then f is the linear combination of the coordinate functionals of finite many atoms, if one of the following holds.
Using the same method, we can also prove that the carriers of the uo-norm-continuous, un-norm-continuous, uaw-norm-continuous, uaw * -norm-continuous and disjoint-norm continuous operators are generated by finite many atoms.
Corollary 2.4. Let E be a (dual) Banach lattice and F a Banach lattice, for a continuous operator T : E → F , assume that the modulus |T | exsits, then C T is generated by finite many atoms, if one of the following holds.
According to the above research, we can find that the uo-continuous, un-continuous, uaw-continuous, uaw * -continuous and disjoint continuous functionals only works on finite dimensional space, hence we study the "bounded" continuous functional for unbounded convergences in Banach lattices.
Let E be a Banach lattice. A linear functional f on E is said to be (σ)-order continuous if f (x α ) → 0 f (x n ) → 0 for any net (sequence) (x α ) (x n ) in E that order converges to zero. The set E ∼ n of all order continuous functionals is said the order continuous dual of E. In [7] , a linear functional f on E is said to be bounded uo-continuous if f (x α ) → 0 for any norm bounded uo-null net (x α ) in E. The set of all bounded uo-continuous linear functionals on E will be called the unbounded order dual (uo-dual, for short) of E, and will be denoted by E ∼ uo . It is natural to consider the orther duals for unbounded convergence likes un-continuous, uaw-continuous and uaw * -continuous. 
The set of all bounded uaw * -continuous linear functionals on E ′ will be called the unbounded absolute weak* dual (uaw*-dual, for short) of E, and will be denoted by (E ′ ) ∼ uaw * .
The following result shows that these duals are closed ideal of some classical duals of Banach lattices. Proposition 2.6. For a Banach lattice E, the following conditions hold.
uaw * is a linear subspace of E. We claim that (E ′ ) ∼ uaw * is a closed ideal of E. Since |f |(x) = sup{f (y) : |y| ≤ x}. So for any ǫ > 0, there exsits some α 0 and a net (
and (3) It is clear that order convergence implies uo-convergence, norm convergence implies un and uaw-convergence. So we can get that E ∼ uo is a subspace of E ∼ n and E ∼ uaw , E ∼ d and E ∼ un are subspaces of E ′ . The rest of the proof is similar to (1) .
Recall that the order continuous part E a of a Banach lattice E is given by (
In addition, if E ′ has order continuous norm, these conditions are equivalent to
Proof. 
Using [1, Theorem 4 .36], let the seminorm be |f |(|·|), T be idential operator and bounded solid set be B E ′ . So we have that, for any ǫ > 0, there
For a uaw * -null net ( ⇔ (10) ⇔ (11) If E ′ is order continuous, then the un-convergence, uaw-convergence and uaw * -convergence are equivalent by [11, Theorem 2.4 ].
Using the same method of Theorem 2.7, we can get the following result which shows the equivalence of the bounded uo-continuous, un-continuous, uaw-continuous and dcontinuous functionals and is the extension of [7, Theorem 2.3]. (
In addition, if E has order continuous norm, these conditions are equivalent to
It is similar to Theorem 2.7 and Theorem 2.8 that we have the following result which shows the equivalence of the bounded un-continuous, uaw-continuous and d-continuous functionals.
Theorem 2.9. Let E be a Banach lattice, for any f ∈ E ′ , the following are equivalent.
( In addition, if E has order continuous norm, these conditions are equivalent to (6) f ∈ E ∼ un . (7) f (x n ) → 0 for any bounded un-null sequence (x n ) in E. Remark 2.10. We can also prove Theorem 2.7, Theorem 2.8 and Theorem 2.9 by other way. A continuous operators T : E → F from a Banach lattice E into Banach space F is said to be M-weakly compact if T x n → 0 for any norm bounded disjoint sequence (x n ) in E. According to [2, Proposition 3.6 .19], if F is order continuous, then [0, T ] has order continuous norm iff T is M-weakly compact. According to [11, Theorem 4.5] , we can get that T : E → F is M-weakly compact iff T x n → 0 for any bounded uo-null sequence (x n ) in E iff T x n → 0 for any bounded uaw-null sequence (x n ) in E iff T x n → 0 for any bounded uaw * -null sequence (x n ) in E. Let F = R, clearly, R is order continuous, so we prove Theorem 2.7, Theorem 2.8 and Theorem 2.9.
According to Theorem 2.7, Theorem 2.8 and Theorem 2.9, we can get the following result which shows the exact form of these duals.
Theorem 2.11. Let E be a Banach lattice, then the following hold.
The following example shows the bounded duals for unbounded convergence in classical Banach lattices.
Using the exactly form of these duals, the following result gives some equivalent characterizations of order continuous and reflexive Banach lattices. Theorem 2.13. For a Banach lattice E, the following conditions hold.
(1) E has order continuous norm iff (E ′ ) ∼ uaw * = E; 
Proof. We can prove these results by two ways.
(1) E is order continuous iff E a = E. So E is order continuous iff (E ′ ) ∼ uaw * = E a = E by Theorem 2.11 (2) . In other words, since E is order continuous, so every bounded uaw * -null net in E ′ is w * -null by [11, Theorem 2.5] . That is, E ⊂ (E ′ ) ∼ uaw * , so (E ′ ) ∼ uaw * = E. (2) E ′ is order continuous iff (E ′ ) a = E ′ . So E ′ is order continuous iff E ∼ uaw = E ∼ d = E ∼ un = (E ′ ) a = E ′ by Theorem 2.11 (1) . In other words, since E ′ is order continuous, so every bounded disjoint (un-null, uaw-null) net in E is w-null by [ 
In other words, since E and E ′ are order continuous, so every bounded uo-null net in E is uaw-null, so it is weakly null. That is,
In other words, since E is reflexive, so every bounded uaw * -null net in E ′ is weakly null by [11, Theorem 2.8] . That is,
So far, we still do not know what the E ∼ un is. So, in this paper the following problem remains as open.
Problem 2.14. What is the exact form of E ∼ un ?
